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ABSTRACT 

A comprehensive approach is introduced using parametric equations to describe the motion induced by type J and cross-axis 
type coil planet centrifuges. The plots of a line parallel to the coil axis are given. The centrifugal forces are then analyzed in two 
ways. Three-dimensional graphs show their geometry and the relative intensity of the lateral component is compared to that of 
the perpendicular component. This allowed a better understanding of the differences in paths and acceleration fields induced by 
the two types of counter-current chromatography devices. 

INTRODUCTION 

Type J [l] and cross-axis type [2] coil planet 
centrifuges (CPCs) induce motions that are best 
studied using parametric equations. Since the 
global motions are separated, they allow a better 
comprehension of the resulting path. The 
parametric equations for the motion of a point 
belonging to the column are given as well as 
those for its acceleration. The p parameter [3], 
the ratio of the coil radius to the radius of 
rotation for the coil holder, is then introduced 
for both units. The path of a line, parallel to the 
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axis of the coil, is shown for type J CPC and 
cross-axis CPC equipped with coils in various 
positions. The plots allow examination of the 
influence of p on the shape of the paths. 

Two procedures are applied to study the 
accelerations. First, the use of parametric defini- 
tions provides simple plots of their three-dimen- 
sional geometry. Alternatively perpendicular and 
lateral components of the total acceleration are 
considered relative to the axis of the tube. 

Both procedures show the complexity of the 
acceleration field for type J CPC and the im- 
portant role of the lateral component of the 
acceleration. The L position (central position of 
the coil) on the cross-axis CPC shows a simpler 
acceleration field while the lateral component 
remains small compared to the perpendicular 
acceleration. The X - 1.5L position (off-center 
position) on the cross-axis CPC involves a quite 
complex acceleration field, leading to a particu- 
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larly important lateral component of the total 
acceleration. 

APPARATUS 

Two classical CPCs are studied using our 
theoretical investigations. One is a Type J CPC 
from P.C. Inc. (Potomac, MD, USA). Its planet- 
ary motion has been widely described in the 
literature [ 11. 

The other one is the fifth cross-axis prototype; 
its mechanical principle has been described in 
Part I [4]. The coil is made of a thin poly- 
tetrafluoroethylene (PTPE) tube wound directly 
onto a cylinder, whose axis is horizontal. This 
column is mounted in a holder, turning around 
the central (vertical) axis of the apparatus. Coils 
of two diameters were used. The holder was 
designed to accommodate the column in a cen- 
tral position (its axis cuts off the central axis of 
the CPC), named L, or the off-center position, 
named X - 1SL. 

The main geometrical characteristics of the 
two devices are gathered in Table I. 

Fig. 1. Type J motion. (A) Principle; (B) mathematical 
study. 

TABLE I 

GEOMETRICAL CHARACI-JZRISTICS AND MAXIMUM CENTRIFUGAL FORCE INTENSlTIES FOR TWO COUN- 
TER-CURRENT CHROMATOGRAPHY (CCC) DEVICES: TYPE J CPC UNIT AND CROSS-AXIS PROTOTYPE 

n.d. = Not defined. 

CCC device TypeJCCC cross-axis ccc 

L position X - l.SL position 

r t-0 

R (mm) 

L (mm) 

B 

00 t’) 

0 @pm) 

Maximum number 
of gravities obtained 

58.0 < r < 87.0 27.5 50.0 27.5 50.0 

101.5 0 0 104 104 

n.d. 168.6 168.6 168.6 168.6 

0.55 <B < 0.77 0.16 0.30 0.26 0.48 

n.d. 0 0 31.7 31.7 

750 800 800 800 800 

280 160 19s 180 250 
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THEORY 

All the calculations for the type J CPC have 
previously been made for the path and accelera- 
tion [5]. However, the goal here is to separate 
the global motion into elementary motions in 
order to provide better understanding of the 
results. These procedures are applied below to 
type J CPC, yielding the results previously com- 
puted and the same technique is also applied to 
the cross-axis type CPC. 

Type J synchronous coil planet centrifuge 
Analysis of the path. The motion can be 

studied with a three-dimensional coordinate 
system O;Zx,ZY,Zz named (R). This system is 
considered as the motionless ref~erexe system. 
Another coordinate system 0’; I, J ,u’, named 
(R’) is also introduced. 0’ is a point undergoing 
a circular motion around the z axis with radius R 
at a constant angular velocity 0. The principle of 
type J motion is explained in Fig. 1A and all the 
notations used for the mathematical studies are 
shown in Fig. 1B. The circular motion of 0’ is 
described in the (R) system by the parametric 
equations: 

R co@) < 

66’ = R sin(ot) zY (1) 

0 G* 

Let us consider an arbitrary point P, belonging to 
the column. Its motion in the (R’) system is a 

circle of radius r, in the 0; 7, 7 plane, with an w 
angular velocity around the z axis. The paramet- 
ric equations are: 

rcos(wt) 7 

o’p = r sin(ot) S (2) 

0 gz 

Then these equations are given in the (R) 
system: 

R cos(wt) + r cos(2ot) zx 

G = R sin(wt) + r sin(2ot) $ (3) 

0 < 

233 

The /3 ratio, equal to r/R, is introduced, leading 
to 

cos(ot) + p cos(2wt) 

?$ = R sin(&) + p sin(2wt) 

0 

Analysis of the acceleration. 
defined in the (R) system by: 

- 

(4) 
c 

The acceleration, 

d20P 
a?I?=-;;;I- 

is then written in the (R) coordinate 

cos(ot) + 4p cos(2ot) 

a(P) = -Rw’ sin(&) + 4/? sin(2ot) 

0 

(5) 

system: 

G 

KY (6) 

u’, 

Cross-axis synchronous coil planet centrifuge 
Analysis of the path. Two coordinate systems __ 

are used. O;~x,u’,,u’, named (R) and Or;i,j,cz 

Fig. 2. Cross-axis type motion. (A) Principle; (B) mathe- 
matical study. 
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named (R’) were previously defined. 0’ is a 
point undergoing a circular motion around the z 
axis with radius d at a constant angular velocity 
0. The principle of cross-axis type motion is 
explained in Fig. 2A. Fig. 2B gives all the 
notations used for the followin studies. The 

length d is computed as d = + R + L and angle 
$ is defined by tan f?,, = R/L. The circular 
motion of 0’ is described in the (R) system by 
the parametric equations: 

0 T 
0’p = r cos(wt) 7 (8) 

- r sin(&) Zz 

Then these equations are given in the (R) 
system: 

d cos(ot) Gx 

66 d sin(wt) G,, (7) 

d cos(wt) - r cos(ot) sin(wt - 0,) GX 

G d sin(wt) + r cos(ot) cos(wt - 0,) z,, (9) 

- r sin(&) C 

Analysis of the acceleration. Using the relation 
5 in the (R) system, the acceleration is written: I 0 iTz 

Let us consider an arbitrary point P, belonging to 
the column. Its motion in the (R’) system is a 

circle of radius r, in the O’;?,; plane, with an o 

angular velocity around the 0’;; axis. The 
parametric equations are: 

d cos(wt) - 2r sin(2ot - 0,) GX 

a(P) = -w2 d sin(&) + 2r cos(2ot - $) GY 

--r sin(ot) Cz 

(IO) 

TABLE II 

PARAMETRIC EQUATIONS DESCRIBING THE POSITION OF A POINT BELONGING TO THE COLUMN AND ITS 
ACCELERATION FOR TYPE J AND CROSS-AXIS CPCs 

/3 is defined as p = rlR, except for the L-position for which p = rlL. 

Column 
position 

O’P 

Type J CPC 
Not 
defined 

L 

cos(wt) + /3 cos(2or) cos(ot) + 4/3 cos(2ot) 
R sin&r) + p sin(2ot) - Ro’ sin@) + 4/3 sin(2ot) 

0 0 

cos(ot) - /3 sin&t) cos(or) cos(wr) - 2p sin(tit) 

L sin(ot) + p cos2(ot) -LO* sin(wt) + 2/3 cos(2ot) 

-p sin(&) -/3 sin(&) 

Cross-axis CPC x-LL 

X-L 

General 

ticos(ot) - B sin(ot - 0,) cos(ot) 

tisin(ot) + /3 cos(ot) cm@ - 0,) 

V?cos(wt) - /3 sin(ot - v/4) cos(ot) 

sin(M) + /3 cos(ot) cm(ot - ~14) 

d co+) - r ux(wt) sia(wt - 13,) 

d sin(ot) + r cos(ot) cos(or - 0,) 

-r sin(ot) 

V?cos(or) - 2f3 sin(2ot - e,) 
ti sin(d) + 28 ~~(2ot - e,) 

ticos(ot) - 28 sin(2ot - lr14) 

sin(M) + 2/l ws@t - a/4) 

d cos(wt) - 2r sin@& - t3,) 
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Three positions of the coil were then studied. 
The notations were defined by Ito [6]. The L 
position corresponds to R = 0, leading to d = L 
and $ = 0. The X - L position corresponds to 
R = L, leading to d =fiR and S,= ~14. The 
X - LL osition is defined by L = 2R and leads 
to d = P 5R and 0, defined by tan 0, = l/2. Table 
II gathers all the parametric equations for type J 
CPC and cross-axis CPC involving a coil in three 
different positions, L, X - L and X - LL. Type 
J equations were previously given in formulas 4 
and 6, and general equations for cross-axis type 
were also obtained in formulas 9 and 10. The 
equations for the L, X - L and X - LL positions 
are derived from the general ones, using their 
geometric characteristics. 

RESULTS AND DISCUSSION 

All the equations given in Table II allow 
three-dimensional plots of paths of points or 
accelerations. In order to better understand the 
motions induced by the two CPCs, we studied 
the paths of a line drawn on the coil, parallel to 
the axis of the latter. The accelerations of one 
point were also studied. 

Analysis of the path 
All the equations given in Table II involve the 

p ratio as a key parameter. Selected values were 
then used to plot the paths for a line drawn along 
the axis of the coil, for type J CPC and cross-axis 
type CPC, with a coil in L, X - L or X- LL 
position. The shapes of the paths are all shown 
in Fig. 3. The individual paths of five points were 
plotted, allowing display of the path of the 
interconnecting straight line parallel to the axis 
of the coil. 

For type J CPC, the shapes of the path are 
greatly dependent on p [7]. They are only two- 
dimensional, in the xy plane. For small p (/3 < 
0.25), the path is quite circular, but slightly 
flattened. For jl = 0.25, the shape becomes 
cycloidal. For 0.25 < p < 0.25, the cycloidal path 
is more pronounced. /3 values greater than 0.5 
involve an inner loop, whose size increases with 

P. 
The shapes for the three positions L, X - L 

and X - LL of the cross-axis CPC are very 

similar. All are three-dimensional. For small j3 
values (j3 < 0.4), the shape is again simple re- 
sembling a circle, with a small component on the 
vertical axis Oz. As the p value increases (0.4 s 
fi G 0.5), a deformation occurs near the Oy axis, 
and at larger /3 values, this deformation evolves 
from a “drop” of the path near the Oy axis to a 
loop. The latter is shown for each of the three 
positions when the radius of the coil is twice the 
radius R. 

These studies can be applied to the two CPCs 
described in part Apparatus. The type J device 
involves /3 values greater than 0.5; consequently, 
the path always shows a loop. The cross-axis 
prototype shows more simple paths, quite circu- 
lar with a small component on the vertical axis. 
No loop intervenes as the radii of the coils are 
small compared to the R radius. 

Analysis of the acceleration 
The following explanations refer to the force 

field which is opposite to the acceleration field. 
Two different studies were carried out. First, the 
geometric characteristics of the centrifugal force 
fields were considered. The influence of the p 
ratio has revealed to be important for the force 
field created by the type J motion [8]. Therefore, 
five plots are shown in Fig. 4, drawn in the xy 
plane. For /3 = 0.1, the shape of the path is quite 
circular, and the corresponding force field is 
similar to that obtained with a completely circu- 
lar motion, The direction of the force is almost 
perpendicular to the path and the variations in 
intensity are small. Where p = 0.2, a modifica- 
tion is seen near the Ox axis: the relative 
intensity of the lateral component of the cen- 
trifugal force field increases while the total 
intensity of this latter greatly diminishes. For 
p = 0.25, the total intensity becomes equal to 0 
on the Ox axis. For higher /3 values, the centrifu- 
gal force field never cancels, but the relative 
intensity of the lateral force becomes very im- 
portant near the loop. The influence of j3 for the 
centrifugal force field created by the cross-axis 
CPC is less important than for the type J CPC. 
Four plots are given in Fig. 5. Fig. 5A corre- 
sponds to the L position of the coil with p = 0.5 
and two plots are necessary to represent the 
force field, since it is three-dimensional. The 
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Type of 
CCC Device 

Column 
Position 

0.2 

0.4 

1 

2 

J X-Axis 

X-L X-LL 

-L X-L 

1 

I i 
x x 

V V 

Fig. 3. Paths of a line drawn along the axis of the coil belonging to a type J CPC or a cross-axis (X-axis) CPC; influence of the p 
ratio and of the position of the coil for a cross-axis CPC. 

centrifugal field in the xy plane (Fig. 5A, 1) is 
similar to that obtained with type J motion for 
p = 0.25, but it never cancels completely. Its 
projection in the xz plane is shown in Fig. SA, 2. 
Fig. 5B refers to the X - L position of the coil 
with fi = 0.5. The projections in the xy and xz 
planes are given in Fig. 5B, 1 and 2. The 
geometry of the centrifugal force field appears 
similar to that for the L position of the coil, as 

the axis of symmetry in the _ry plane is no longer 

Oy but a line defined by the 0, angle. 
The second set of studies was done to examine 

the influence of the total centrifugal acceleration 
by analyzing its tangential (lateral) and normal 
(perpendicular) components. For both CPCs, the 
direction perpendicular to the tube is given by 

vector 6% (see Figs. 1 and 2). The corre- 
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0 +Gll x 

p=o.1 j” 

0 -62 x 

p=o.2 +, 

x 0 xi2 

x 0 -3 
p=o.4 *v 

0 
x %i!@ 
/3=0.7 L 

p=O.25 L 

Fig. 4. Type J CCC unit: relative magnitude and direction of 
the centrifugal force field at various angles along the path of 
a point. Influence of p. 

Fig. 5. Cross-axis CCC unit: relative magnitude and direc- 
tion of the centrifugal force field at various angles along the 
path of a point. (A) L Position; (B) X-L position. 
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sponding normalized vectors gT and cN are 
computed in the (R’) coordinate system. For 
type J CPC, using the acceleration of point P, 

a(P), given in formula 6 and rewritten in the 
(R’) system, its tangential component uT and 
normal component uN are computed as: 

uT =a@) *uf, = Ro2 sin(wt) 

uN =u@) .cN = -Rw2[cos(wt) + 4/3] 
(11) 

For the type J apparatus (P.C. Inc.), p > 0.25; 
consequently, the term cos(ot) + 4p remains 
always positive. The normal component of the 
acceleration is thus always directed toward the 
interior of the coil. Except for two angular 
positions, which lead to sin(&) = 0, a lateral 
component is involved but is always smaller than 
uT. The maximum relative intensity of the lateral 
acceleration is obtained when sin(&) = 1, result- 
ing in +a, = l/4& Using the smaller p values 
of the type J CPC, this ratio is equal to 0.45, 
which indicates the tangential acceleration repre- 
sents up to 45% of the normal acceleration. For 
the first half of the path (0 < 8 < MO”), 2T and 
the lateral force have opposite directions, al- 
though for the second half of the path (180 < 8 < 
360”), their directions are the same. The in- 
fluence of that change of direction is more 
important for 8 = 180” because the normal force 
is smaller than that corresponding to 8 = O”, thus 
increasing the relative importance of the tangen- 
tial force. This could be related to the settling 
zone around 8 = 0” and the mixing zone around 
8 = HO”, as described by Conway and Ito from 
stroboscopic observations [9]. 

The same studies apply to the cross-axis 
prototype. Using the acceleration of point P, 

u@), given in formula 10 and rewritten in the 
(R') system, its tangential component uT, norrng 
component uN and component a, on the 0’; I 
axis are computed as: 

a, =U@-T = -Lw2+ 2rw2sin(wt) 

uT =u@) .gT = w2sin(wt)[R + r cos(ot)] 

UN =u-) *z$ = -ro2 - cos(ot)02[R + r cos(wt)] 

(12) 
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These expressions can be simplified for the L 
position and lead to: 

lo,=rw2[2sin(ot)-$3 

I uT = rw * sin(wt) co+&) (13) 

In that case, it is easy to study the relative 
intensities of the three components of the total 
acceleration. The geometrical dimensions of the 
cross-axis prototype with a coil in the L position 
(see Table I) are introduced * ula 13. 
Examination of the ratio a,/( v= ai + ai) dem- 
onstrates that the tangential component repre- 
sents up to 16.5% of the total normal component 
for the larger radius (r = 50.0 mm); it can repre- 
sent up to 9% for the smaller radius (r = 27.5 
mm). Consequently, the total centrifugal force 
acting on the fluids inside the tube involves three 
forces: two are perpendicular to the tube, di- 
rected toward the outside; the third is parallel to 
the axis of the tube, acting with a small intensity 
(a maximum 16.5% of the gathered two perpen- 
dicular forces for the 50.0 mm coil radius) and 
changing direction four times during one turn of 
the central axis of the device. Whereas type J 
CPC involves a maximum 280 g centrifugal force 
and a lateral force representing up to 45% of the 
perpendicular force, the lateral force for the 
cross-axis proptotype using a coil in the L 
position is three times smaller and the maximum 
centrifugal force is 195 g. The position X - 1.5L 
was also studied as the geometrical characteris- 
tics of the cross-axis prototype (given in Table I) 
are introduced in formula 12. Whatever the 
radius of the coil may be (2.75 cm or 5.0 cm), o1 
is always negative, uT has the sign of sin(&) and 
aN is sitive or negative. Analysis of the ratio 

a,/( ? a: + a;) allowed estimation of the relative 
intensity of the lateral force compared to the 
centrifugal force exerted perpendicularly to the 
axis of the tube. For the small radius (r = 2.75 
cm), the maximum for the ratio is 0.9 and the 
larger radius (r = 5.0 cm) can lead to 1.25. 

CONCLUSIONS 

The results demonstrate that the two CCC 
types create different force fields. The type J 
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CPC induces a loop for p larger than 0.25, 
leading to a specific force field. The intensity of 
the lateral component of the acceleration may 
represent one half of the component perpen- 
dicular to the axis of the tube. For the cross-axis 
CPC, the positions of the coil lead to similar 
paths but different acceleration characteristics. 
The L position induces mainly an acceledation 
perpendicular to the tube, with a small lateral 
component representing a maximum of one sixth 
of the total intensity of the forces perpendicular 
to the tube. The X - 1.5L position greatly in- 
creases the role of the lateral force, whose 
intensity can be larger than that of the total 
perpendicular centrifugal force. 

Further investigations will be necessary to 
correlate these acceleration studies with the 
observed retention of the stationary phase re- 
lated to the position of the coil and the direction 
of elution or the elution mode. The use of four 
two-phase solvent systems and statistical analysis 
should help in this goal. In the following article 
(Part III [lo]), retention data of the four two- 
solvent systems are analysed by reference to 
these studies. 
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